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Abstract. In this paper we study the second Hochschild cohomology group 
of the preprojective algebra of type D4 over an algebraically closed field K of 
characteristic 2. We also calculate the second Hochschild cohomology group of 
a non-standard algebra which arises as a socle deformation of this preprojective 
algebra and so show that the two algebras are not derived equivalent. This 
answers a question raised by Holm and Skowrohski. 
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Introduction 

The main work of this paper is in determining the second Hochschild cohomology 
group HH 2 (A) for two finite dimensional algebras A over a field of characteristic 2 
in order to show that they are not derived equivalent. We let Ai denote the prepro- 
jective algebra of type D4; this is a standard algebra. We introduce, in Section [T] 
the algebra A2 by quiver and relations; this is a non-standard algebra which is socle 
equivalent to Ai, in the case where the underlying field has characteristic 2. This 
work is motivated by the question asked by Holm and Skowrohski as to whether or 
not these two algebras are derived equivalent. 

The algebras A\ and A2 are selfinjective algebras of polynomial growth. The 
main result of this paper fCorollary |4.2[) shows that they are not derived equivalent. 
This answer to the question of Holm and Skowrohski enabled them to complete their 
derived equivalence classification of all symmetric algebras of polynomial growth in 
[5]. We note that [T] showed that the second Hochschild cohomology group could 
also be used to distinguish between derived equivalence classes of standard and 
non-standard algebras of finite representation type. 

Throughout this paper, we let A denote a finite dimensional algebra over an 
algebraically closed field K. We start, in Section [IJ by giving the quiver and 
relations for the two algebras A\ and A2, and recall that we are interested only in 
the case when char if = 2. (We write our paths in a quiver from left to right.) In 
Section [2] we give a short description of the projective resolution of [3] which we 
use to find HH 2 (A) . The remaining two sections determine HH 2 (A) for A = Ai, Ai- 
As a consequence, we show in Corollary 14.21 that dimHH 2 (.4.i) 7^ dimHH 2 (^2) and 
hence these two algebras are not derived equivalent. 
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1. The algebras A\ and _4 2 

In this section we describe the algebras A\ and A2 by quiver and relations. We 
assume that K is an algebraically closed field and char K — 2. The standard algebra 
Ai is the preprojective algebra of type -D4, and we note that it was shown in [2] 
that, in the case when char if ^ 2, we have HH (A\) = 0. We will see that this is 
in contrast to the char K = 2 case. 

The algebra A\ is the given by the quiver Q: 

3 

6 7 




with relations 

0a + 5j + e£ = 0, jS = 0, £e = and a/3 = 0. 

The algebra A2 is the non-standard algebra given by the same quiver Q with 
relations 

0a + 5j + e£ = 0, = 0, £e = 0, a0a = 0, 0a>0 = and a0 = aS-/0. 

We need to find a minimal set of generators f 2 for each algebra. We start 
with the algebra A%. The set {a/3 — aS-ffi, £e, 7<5, /3a + ^7 + e£, a/3a, /3a/3} is not 
a minimal set of generators for I where A2 = KQ/I. Let a; = /3a + c>7 + e£ and 
let y — a0 — a5 r y0. We will show that a/3a is in the ideal generated by x, y, 76, £e. 
Using that char if = 2, we have a0a = ya + a5j0a = ya + ax0a + a(0a + e^)0a = 
ya + ax0a + a0a0a + ae£x + ae£ (Sj + e£) = ya + ax0a + ae^x + a0a0a + axd"/ + 
a(0a + Sj)Sj + ae£e£ = ya + ax0a + ae^x + axSj + ae£e£ + a/3a/3a + a0ax + 
a/3a(/3a + e£) + ai57(57 = ya + ax/3a-|-ae£2;-|-a:r(57-|-ae£e£-|-a/3a:E-|-a/3ae£-|-a(57<57. 
However, a/3ae£ = yaet; + aSjfiaet; — yae^ + aS^yxel; + aSj^j + e£)e£. Thus a/3a 
is in the ideal generated by x, y, jd, £e. Using a similar argument for 0a0, we have 
that I is generated by the set {a0 — aS^0,^e,jS, 0a + + e£}. This gives the 
following result. 

Proposition 1.1. For A2 let 

fi = a0 - aS 1 0, 
ft = 
ft = 7*, 

fl = 0a + 5 1 + e£. 

Then f 2 = {f 2 , /|, f 2 , f 2 } is a minimal set of generators of I where A2 = KQ/I. 
We now consider the algebra A\ ■ 
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Proposition 1.2. For A\ let 

It = a(3, 
ft = £e, 
ft = 7S, 

fl ^(3a + S 1 + et 

Then f 2 — {f 2 , /f , /f , /f } is a minimal set of generators for I' where Ai = KQ./I' . 
2. The Projective resolution 

To find the Hochschild cohomology groups for any finite dimensional algebra 
A, a projective resolution of A as a A. A-bimodule is needed. In this section we 
look at the projective resolutions of [3] and [4] in order to describe the second 
Hochschild cohomology group. Let K be a field and let A = KQ/I be a finite 
dimensional algebra where Q is a quiver, and / is an admissible ideal of KQ. Fix 
a minimal set f 2 of generators for the ideal I. For any x £ f 2 , we may write 
x = Y^j=i c j a ij ' ' ' a kj ' • ' a sjj, where the a.y are arrows in Q and Cj £ K, that is, x 
is a linear combination of paths a\j • ■ ■ akj ■ ■ ■ a Sj j for j = 1, . . . , r. We may assume 
that there are (unique) vertices v and w such that each path a\j ■ ■ ■ akj ■ ■ • a Sj j starts 
at v and ends at w for all j, so that x — vxw. We write o(x) = v and t(x) = w. 
Similarly o(a) is the origin of the arrow a and t(a) is the terminus of a. 

In [3l Theorem 2.9], the first 4 terms of a minimal projective resolution of A as 
a A, A-bimodule are described: 

. . . Q3 q2 Q l ^ g0 ^ A ^ Q 

The projective A, A-bimodules Q°, Q 1 , Q 2 are given by 

Q° = Av ® uA > 

Q 1 = Ao(a) ® t(a)A, and 

a,arrotu 

Q 2 = Ao(ar)®t(a;)A. 

KG/ 2 

Throughout, all tensor products are over if, and we write Cg> for ®k- The maps 
g, Ai, A2 and A3 are all A, A-bimodule homomorphisms. The map g : Q° — s- A 
is the multiplication map so is given by v <g> f n> u. The map : Q 1 — > Q is 
given by o(a) ® t(a) h-> o(a) ® o(a)a — at(a) <E> t(a) for each arrow a. With the 
notation for x £ f 2 given above, the map A 2 : Q 2 — > Q 1 is given by o(x) ® t(x) i-> 
Z)^=i c i(I]fcLi oij ' ' ' 0(fc-i)j®ffl(fc + i)j • • • a Sj j), where ay • • • a^-iyOa^+i^ ■ • • a S3 j 
€ Ao(a fej ) ® t(ofcj)A. 

In order to describe the projective Q 3 and the map A3 in the A, A-bimodule 
resolution of A in [3], we need to introduce some notation from [4]. Recall that 
an element y £ KQ is uniform if there are vertices v, w such that y — vy = yw. 
We write o(y) — v and t(y) = w. In [4 , Green, Solberg and Zacharia show that 
there are sets /" in KQ, for n > 3, consisting of uniform elements y £ f n such that 
y = X^e/™- 1 xr x — J2z£f™- 2 ZSz f° r un fo uc elements r x ,s z £ KQ such that s z £ I. 
These sets have special properties related to a minimal projective A-resolution of 
A/r, where r is the Jacobson radical of A. Specifically the n-th projective in the 
minimal projective A-resolution of A/r is yG ^ n t(y)A. 
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In particular, for y E / 3 we may write y = J2f?P* = J2nfi r i witn Ph<li, r i G 
KQ, pi,qi in the ideal generated by the arrows of KQ, and pi unique. Then [3] 
gives that Q 3 = © ye j3 Ao(y) ® t(y)A and, for y e / 3 in the notation above, the 
component of A 3 (o(y) ® t(y)) in the summand Ao(/ 2 ) ® t(/ 2 )A of Q 2 is o(y) <8>pi — 
ft ® rj. 

Given this part of the minimal projective A, A-bimodule resolution of A 

q 3 ^ g 2 ^ g 1 A g° A a -> o 

we apply Hom(— , A) to give the complex 

-> Hom(Q°, A) A Hom(Q 1 , A) A Hom(g 2 , A) ^ Hom(g 3 , A) 
where di is the map induced from Aj, for i = 1,2, 3. Then HH 2 (A) = Kerd 3 /Imd 2 . 

When considering an element of the projective A, A-bimodule Q 1 — a arrow Ao(a)® 
t(a)A it is important to keep track of the individual summands of Q . So to avoid 
confusion we usually denote an element in the summand Ao(a) (g) t(a)A by A ® a A' 
using the subscript 'a' to remind us in which summand this element lies. Similarly, 
an element A ®f2 A' lies in the summand Ao(/ 2 ) ® t(/ 2 )A of Q 2 and an element 
A (g)f3 A' lies in the summand Ao(/ 3 ) ® t(/ 3 )A of g 3 . We keep this notation for the 
rest of the paper. 

Now we are ready to compute HH 2 (A) for the finite dimensional algebras A\ and 
A 2 . 

3. HH 2 (^l 2 ) 

In this section we determine HH 2 („4 2 ) for the non-standard algebra A 2 . 

Theorem 3.1. For the non-standard algebra A 2 with char A' = 2, we have dim HU 2 {A 2 ) = 
4. 



Proof. The set f 2 of minimal relations was given in Proposition ll.il 

Following 3, 4 , we may choose the set / 3 to consist of the following elements: 

{ffjlfiji}, where 



fl 


= ffaS^P + tfaP 








= afryPft + apft ee^KQe^ 






fi 


= mS-ye + fUPae 








= Utfae + Sft&ye + tf 7 /|e + H(3af 2 e ■+ 


-^ 7 e/f + 


UPae} 2 G e 2 KQe 2 , 


fi 


- fhPcts + f 2 ^s 








= lfH& + jflPad + 1 f3afiS + 7 e£/ 2 5 - 


\-y/3o8f§ 


+ 7^/1 ee 3 A-Q e3 , 


fi 


= f 2 f3a5 1 + ffeS-y 








= + SfhPa + 5fh^ + *yft0a - 


^hfht 





+ /3a/ 2 5 1 + PaSfl-f + <5 7 e£/f + hMl 6 e 4 KQe A . 
Thus (writing A for A 2 ) the projective Q 3 = e/3 Ao(y)(g>%)A = (Aei®eiA)© 
(Ae 2 ® e 2 A) © (Ae 3 ® e 3 A) © (Ae 4 <8> e 4 A). We know that HH 2 (A) = Kerd 3 /Im<i 2 . 



First we will find lmd 2 . Let / G Hom(g 1 , A) and so write 

f(e 1 ® a e 4 ) = cia + c 2 a6j, /(e 4 ®p e x ) = c 3 (3 + c 4 5j(3, 

f(e 3 ® 7 e 4 ) = c 5 7 + c 6 j(3a, /(e 4 ® s e 3 ) = c 7 S + c$/3a5, 
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/(e 4 ® e e 2 ) = c 9 e + c w 5je and f(e 2 ®{ e 4 ) = cn( + Ci2^7> 

where c 4 , C2, C3, c 4 , . . . , C12 G A. Now we find /A 2 = d 2 /. We have fA 2 (e\<Sif2 ei) = 
/(ei ® Q e 4 )^+a/(e 4 0/3 ei) - /(ei ® a e 4 )<57^ - a/(e 4 ®<5 e 3 )7/3 - a£/(e 3 ® 7 e 4 )/3 - 
ac)7/(e 4 0/3 ei) = C\af3 + c 2 a5-f(3 + c 3 a(3 + aa5"ff3 — ciaSj/3 — c^a8j/3 — c 5 a5jf3 — 
c 3 aSj/3 = (ci + c 2 + c 3 + c 4 - ci - c 7 - c 5 - c 3 )a/3 = (c 2 + c 4 + c 7 + c 5 )a/3. 

Also /A 2 (e 2 ® /a 2 e 2 ) = /(e 2 ® € e 4 )e + £/(e 4 ® e e 2 ) = (c 12 + c 10 )^7e. 

We have /A 2 (e 3 ®/| e 3 ) = /(e 3 ® 7 e 4 )<5 + 7/(e 4 ®s e 3 ) = (c 6 + c 8 )7/3a<5. 

And /A 2 (e 4 ® /4 2e 4 ) = /(e 4 (g^ ei)a + /(e 4 ® 5 e 3 )7 + /(e 2 ® £ e 4 )£ + /3/(ei ® Q e 4 ) + 
<5/(e 3 ® 7 e 4 ) + e/(e 2 ®| e 4 )= c 3l $a + c 4 (!>7/3a + c 7 Sj + c s /3aS^ + c 9 e£ + c w 6jet; + 
cifla + c 2 (3a5-f + c 5 S-f + c 6 5-f(3a + c u e^ + Ci 2 e£5-f = (c 3 + C\)(3a + (c 7 + c 5 )<57 + 
(c 9 + c n )e£ + (c 4 + c 2 + c 7 + c 5 + C10 + c 12 )<57/3a= (c 3 + Ci + c 9 + cu)/3o: + (c 7 + 
C5 + c 9 + cn)^7 + (c 4 + c 2 + c 7 + c 5 + C10 + ci 2 )<57/3a. 

Hence, /A 2 is given by 

/A 2 (ei ® /2 ei) = dia/3, 

fA 2 (e 2 ® /2 e 2 ) = d 2 £,5~fe, 

fA 2 (e 3 0/2 e 3 ) = d 3 j/3aS, 

/A 2 (e 4 0/2 e 4 ) = d 4 ^a + d 5 c>7 + (di + d 2 )5j/3a, 

for some di, . . . , d§ G if. So dim Im d 2 = 5. 

Now we determine Kerd 3 . Let h G Kerd 3 , so h G Hom(Q 2 , A) and (i 3 /i = 0. Let 
h : Q 2 — > A be given by 

/i(ei ®^2 e 4 ) = c 4 ei + c 2 a<57/3, 
/i(e 2 0/2 e 2 ) = c 3 e 2 + c 4 £<57e, 
/i(e 3 ®j| e 3 ) = c 5 e 3 + c 6 7^a<5 and 
/i(e 4 (g) /2 e 4 ) = c 7 e 4 + c 8 /3a + C9J7 + c w f3a5~f, 

for some a, c 2 , ■ ■ ■ , C10 G AT. 

Then hA 3 (e\ (g>^3 ei) = ft(ei ®/2 ei)a<57,0 + /i(ei ®j2 ei)a/3 — a5^(3h(ei ®p e 4 ) — 
af3h{e\ ®j2 e 4 ) = cia<57/3 + cia/3 — cia<57/3 — cia/? = 0, 

In a similar way and recalling that char K — 2 , we can show that hA 3 (e 2 ®f3 e 2 ) = 
and /iA 3 (e 3 ® /3 e 3 ) = 0. 

Finally hA 3 (e 2 (g)jj e 2 ) = ft(e 4 ®j| e 4 )/3a(57 + /i(e 4 ®^2 e 4 )e^7 — e/i(e 2 ®j| 
e 2 )?^7 - <>ft(e 3 ®y| e 3 )7,3Q; — <S/i(e 3 ®j| e 3 )7e£ — c>7/i(e 4 (S>/j e 4 )/3a - <57ft(e 4 ®j2 
e 4 )e£ — j3ah{e± (g> ^2 e 4 )(57 — j3a5h{e 3 ® f2 e 3 )j — <57e^/i(e 4 8^4)- f>7/3a/i(e 4 ® y 2 e 4 ) 
= crf3aS-f + cie^Sj — c 3 e£<57 — c^S-ffla — c^S^e^ — cjS^ffia — cySje^ — cjfiaS^f — 
Cs5~{f3a — 076^6^ — c^^fia. — (c 7 — c 3 — 05)6^157. As ft- G Ker d 3 we have c 7 = c 3 + c 5 . 

Thus /i is given by 

ft(ei 0^2 e 4 ) = cie 4 + c 2 a8^p, 
h(e 2 0/2 e 2 ) = c 3 e 2 + c 4 ^7e, 
h(e 3 ®fi e 3 ) = c 5 e 3 + c 6 7^a<5 and 
ft(e 4 0/2 e 4 ) = (c 3 + c 5 )e 4 + c 8 /?a + c 9 5~/ + c w /3a5j. 

Hence dim Kerd 3 = 9. 

Therefore, dim HH 2 (7l 2 ) = dim Kcr«i 3 - dim Im d 2 = 9 - 5 = 4. □ 
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4. RR 2 (Al) 

In this section we determine HH 2 („4i) for the standard algebra A\. 

Theorem 4.1. For the standard algebra A\ with char if — 2, we have dim HH 2 (.4i) 
3. 

Proof. The set f 2 of minimal relations was given in Proposition 11.21 Following 
011], we may choose the set / 3 to consist of the following elements: 

{f?,f!,fl,f!}, where 



A 3 


= fWtfl 
















= afieUP - 


h aSjflP 


+ a<Wi 2 - 


h a<5/ 2 7 /3 - 


h ae/ 2 e/? 


G 




fi 


= mtjt 
















= e/l^e - 




+ C/3A 2 ae 




h ^/ 3 V 


g 


e 2 ATQe 2 , 


fi 


= fh<5 

= lfH& 


















+ lPf?a5 - 


H 7/Wf - 




e 




fi 


= flPaSj 
















= Pfia&y - 




+ e/f^7 


H <5 7 / 4 2 e£ 










+ $lPf?a - 




+ ^5fh - 






g 


e^KQe^. 



Thus (writing A for Ai) the projective Q 3 = ® ye p Ao(y) <g> t(y)A = (Aei®eiA) © 
(Ae 2 © e 2 A) © (Ae 3 © e 3 A) © (Ae 4 © e 4 A). 

Again, HH 2 (A) = Kerd 3 /Im<i2. First we will find Imd 2 . Let / G Hom(Q 1 , A) 
and so write 

/(ei © Q e 4 ) = cia + c 2 a5j, /(e 4 <g)p e x ) = c 3 /3 + c 4 c>7^, 

/(e 3 © 7 e 4 ) = C57 + c 6 7/3a, /(e 4 ©5 e 3 ) = c 7 (5 + c 8 /3a<5, 

/(e 4 © e e 2 ) = c 9 e + c w 6je and /(e 2 © 5 e 4 ) = c u ( + c i2 ^7, 

where Ci, c 2 , c 3 , c 4 , . . . , ci 2 G A'. Now we find fA 2 — d 2 f. We have fA 2 {e\ ©^2 ei) = 
/(ei © a e 4 )/3+a/(e 4 ©^ ei) = c 2 a57/3 + c 4 a<57/? = (c 2 + c 4 )a<57/3. 

Also /A 2 (e 2 ®/|e 2 ) = /(e 2 © 5 e 4 )e+^/(e 4 © e e 2 ) = (ci 2 + ci )^7e and /A 2 (e 3 © /3 2 
e 3 ) = /(e 3 © 7 e 4 )<5 + 7/(e 4 ©,5 e 3 ) = (c 6 + c 8 )7/?a<5. 

And /v4 2 (e 4 ® f 2 e 4 ) = /(e 4 ©^ ei)a + /(e 4 ©5 e 3 )7 + f(e 2 © e e 4 )£ + Pf{e 1 © a 
e 4) + <5/(e 3 © 7 e 4 ) + e/(e 2 © 5 e 4 )= (c 3 + c 9 + ci + cn)/3a + (c 7 + c 9 + c 5 + cn)<!>7 + 
(c 4 + c 8 + cio + c 2 + c 6 + ci 2 )<57/3o;. Hence, f A 2 is given by 

/A 2 (ei © /2 ei) = dia/3, 

fA 2 (e 2 ©/| e 2 ) = d 2 £5je, 

fA 2 (e 3 <E) f 2 e 3 ) = d 3 jf3aS, 

fA 2 (e 4 ©/2 e 4 ) = d 4 /3a + d 5 Sj + (di + d 2 + d 3 )6j(3a, 

for some di, ■ ■ ■ , <fe G K. So dim Im d 2 = 5. 

Now we determine Kerd 3 . Let h G Kerd 3 , so h E Hom(Q 2 , A) and c? 3 /i = 0. Let 
h : Q 2 — >■ A be given by 

/i(ei ©j2 ei) = c\e\ + c 2 aSj(3, 
h(e 2 © /a 2 e 2 ) = c 3 e 2 + c 4 ^ 7 e, 
h(e 3 ©y| e 3 ) = c 5 e 3 + c^fiaS and 
ft.(e 4 ©y| e 4 ) = c 7 e 4 + c 8 /3a + c 9 Sj + c w (3a8"f, 
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for some ci, C2, . . . , cio G K. 

It can be easily shown that hA^{e\ ®j3 ei) = (— C5 — 03)0^7/?. As h £ Kerofa 
and char if = 2 we have C5 = C3, and that /iA3(e2 0/3 = (— Ci — c^^S-ye so that 
Ci = C5. Similarly, ft,^43(e3 (8>/| 63) = (— Ci — C3)7/3a<5 so that c\ = C3. Finally, we 
have hAj,{ei <8>/| e2) =0. 

Thus /i is given by 

/i(ei (8>j2 ei) = ciei + c 2 a<57,5, 
/i(e 2 ®j| e 2 ) = cie 2 + c^S^e, 
h(e 3 <gif2 es) = cie 3 + ca^(3aS and 
/i(e 4 (g> f 2 e 4 ) = c 7 e 4 + c s /3a + c 9 5j + ci fia5y. 
Hence dim Kerc?3 = 8. 

Therefore dim HH 2 („4i) = dim KerG^ — dim Imd2 =8 — 5 = 3. □ 

Thus we have shown that dimHH 2 („4i) ^ dimHH 2 (^l2)- Hence these two alge- 
bras are not derived equivalent. Now we state the main result of this paper. 

Corollary 4.2. For the finite dimensional algebras A\ and Ai over an algebraically 
closed field K with char if = 2, we have dimHH 2 („4i) 7^ dimHH 2 (^,2)- Hence these 
two algebras are not derived equivalent. 
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